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Abstract
The key part of the deﬁnition of a Hopf-Galois extension B ⊂ A over the Hopf algebra H is
bijectivity of a canonical map :A⊗BA → A ⊗ H . We develop criteria under which surjectivity
of  (which is usually much easier to verify) is sufﬁcient, and we investigate the consequences for
the structure of A as a B-module and H -comodule. In particular, we prove equivariant projectivity
of extensions in several important cases. We study these questions for generalizations of H -Galois
extensions likeQ-Galois extensions for a quotient coalgebra and one-sided module of a Hopf algebra
H , and coalgebra Galois extensions.
© 2005 Elsevier B.V. All rights reserved.
MSC: 16W30
0. Introduction
Let H be a Hopf algebra over a commutative base ring k, and A a right H-comodule
algebra with comodule structure :A → A ⊗ H , (a) =: a(0) ⊗ a(1). Denote by B :=
AcoH := {b ∈ A|(b) = b ⊗ 1} the subalgebra of coinvariant elements. A is said to be an
H-Galois extension of B if the Galois map
:A⊗BA→ A⊗H, x ⊗ y → xy(0) ⊗ y(1)
is a bijection.
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A faithfully ﬂat (as B-module) H-Galois extension A is a noncommutative-geometric
version of a principal ﬁber bundle or torsor in the sense of [8]: If A and H are commutative,
and represent, respectively, an afﬁne scheme X and an afﬁne group scheme G acting on X,
thenB=AcoH represents the quotientY of X under the action ofG. Bijectivity of the Galois
map  means that
X ×G→ X×YX, (x, g) → (xg, x),
is an isomorphism, which can be interpreted as the correct algebraic formulation of the
condition that the G-action of X should be free, and transitive on the ﬁbers of the map
X → Y .
In many applications surjectivity of the Galois map , which, in the commutative case,
means freeness of the action of G, is obvious, or at least easy to prove (it is sufﬁcient to
ﬁnd 1⊗ h in the image for each h in a generating set for the algebra H). It is usually much
harder to decide whether  is injective.
The present paper has two main topics: When does surjectivity of  already imply bi-
jectivity? What can we conclude about the module structure of A over B, or the comodule
structure of A, or general Hopf modules, over H? Both questions will be studied for more
general extensions.
The Kreimer–Takeuchi Theorem [16, Theorem 1.7] says that if  is onto and H is ﬁ-
nite, then  is bijective and A is a projective B-module. This generalizes a theorem of
Grothendieck [8, III, Section 2, 6.1] on the actions of ﬁnite group schemes. Theorem 3.5
in [32] implies that if  is surjective and A is a relative injective H-comodule, then  is
bijective and A is a faithfully ﬂat B-module. This generalizes results of Oberst [26], and
Cline et al. [6] for the case whereH represents a closed subgroup of an afﬁne group scheme
represented by A; in this situation the canonical map is trivially surjective, while injectivity
of the H-comodule A means that the induction functor from the subgroup in question is
exact.
A new proof for both of these results appeared in [31], where it is also shown that in the
situation of [32, Theorem I] the B-module A is projective as well. The uniﬁed proof and the
stronger conclusion are based on the observation that the Galois map 0:A⊗A→ A⊗H
(where the tensor product in the source is taken over k rather than the coinvariant subalgebra
B), which is surjective by assumption, can be shown to be split as an H-comodule map in
each case.
In the present paper we will show (with a further simpliﬁed proof) that having an
H-colinearly split surjective map 0 characterizes relative projective H-Galois extensions.
We will in fact show this for more general extensions, and we will discuss applications of
the generalized result, with appropriate additional hypotheses, to a variety of Galois-type
situations.
In Section 4 we give a new proof for the criteria [32, Theorems 3.5, I] mentioned above.
In Section 3 we prove a strong generalization of the Kreimer–Takeuchi Theorem.Among
its corollaries are the original Kreimer–Takeuchi Theorem as well as a result of Beattie et
al. [1] for the co-Frobenius case; we improve on the latter by proving that the extension is
projective rather than ﬂat.
In Section 5wewill consider another condition on aHopfGalois extension, whichwe call
equivariant projectivity. This is a stronger requirement than projectivity of A over B; it was
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studied by Da¸browski et al. [7], who showed that a Hopf Galois extension is equivariantly
projective if and only if it has a so-called strong connection. This notion in turn was deﬁned
by Hajac [12] with motivations from differential geometry; see also [13]. Most notably, we
will show inTheorem 5.6 that ifH is a Hopf algebra with bijective antipode over a ﬁeld, then
every faithfully ﬂatH-Galois extension is equivariantly projective. Thus, strong connections
always exist in the situation forwhich theywere originally deﬁned.Meanwhile, the notion of
equivariant projectivity and its geometric interpretations were discussed for more general
Galois-type extensions by Brzezinski and Hajac [4]. For a large class of these which is
of particular interest for quantum group theory, we also prove equivariant projectivity in
Theorem 5.9.
The reason why we are interested in generalizations of Hopf Galois extensions lies in
the quotient theory of noncommutative Hopf algebras. The quotient Hopf algebras of a
commutative Hopf algebra H correspond naturally to the closed subgroups of the afﬁne
group scheme represented by H. If H is noncommutative, however, it is not enough to con-
sider quotient Hopf algebras. Rather, one should also take into account quotient coalgebras
and right (or left) H-modules Q of H; quotient theory of Hopf algebras in this sense was
studied by Takeuchi [37] and Masuoka [24]. Thus it becomes natural to consider Q-Galois
extensions, that is, H-comodule algebras A for which the canonical map A⊗BA→ A⊗Q
is bijective, for B = AcoQ. Such extensions are already studied in [32]. It is important for
the theory that the notion of a Hopf moduleM∈MQA can be deﬁned for a right H-module
coalgebra quotient Q of H in the same way as a Hopf module inMHA . Later Q-extensions
were studied in successively more general frameworks. In the most general version a coal-
gebra Galois extension [3] is simply an algebra A which is a C-comodule for a coalgebra C
such that the canonical map :A⊗BA→ A⊗ C is a bijection; here B =Aco C is deﬁned,
following Takeuchi, as the largest subalgebra for which the comodule structure of A is left
B-linear. The notion of a Hopf module, which is a central tool for studying Hopf Galois
extensions, also underwent a series of generalizations: First, one can study an H-comodule
algebra A as before, but replace Q by an H-module coalgebra C; thus, one arrives at the
self-dual notion of Doi–Koppinen data (A,C,H) for which much of the theory of Hopf
modules can be developed [10,15]. The Hopf algebra’s main role in this formalism is to
induce a generalized switching map
C ⊗ A  c ⊗ a → a(0) ⊗ c · a(1) ∈ A⊗ C
between the algebra and coalgebra in consideration. A further step abstracts this switching
map from the auxiliaryHopf algebraH and deﬁnes an entwining [5] to be amap:C⊗A→
A⊗C subject to certain axioms that, again, are sufﬁcient to deﬁne a notion of Hopf module
inMCA, which is now called an entwined module. An entwining between C and A naturally
arises from every C-Galois extension A, in such a way that A itself is an entwined module.
We will develop many of our criteria for Galois-type extensions for entwinings between a
coalgebra C and an algebra A for which A itself is an entwined module, in most cases with
a comodule structure induced by a distinguished group-like in C. We are most interested in
the special case where A is anH-comodule algebra, C=Q is a quotient coalgebra and right
module ofH, the distinguished group-like e is the image of 1 ∈ H inQ, and the entwining is
given by(h⊗a)=a(0)⊗ha(1). In fact, no example of aC-Galois extension that would not
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have this form seems to be known to date. Even though the theory of C-Galois extensions
is potentially more general than that of Q-Galois extensions, it is perhaps more important
that the formalism of entwinings is more elegant and transparent in some situations than
the use of an auxiliary Hopf algebra, and it may serve to make proofs more transparent and
draw attention to those instances where a Hopf algebra in the background is truly needed
for more than formal reasons.
We believe that the results of the present paper show that the following two conditions
on a Q-extension are of particular interest: Equivariant projectivity, and the property that
all Hopf modules are relative injective as comodules. The status of the former has changed
signiﬁcantly by our results:At its conception, this strong, geometricallymotivated condition
seemed to single out a particularly well-behaved class among Hopf Galois extensions, and
of course among the more general Q-Galois extensions. Now we know that it is shared by
all faithfully ﬂatH-Galois extensions whenH is a Hopf algebra with bijective antipode over
a ﬁeld, that is, by all those Hopf Galois extensions that are candidates for a quantum group
analog of a classical principal ﬁber bundle. We also prove in Theorem 5.9 that it is shared
by all Q-Galois extensions with cosemisimple Q over, say, the complex numbers.
On the other hand, we know very little about when this property is fulﬁlled in general.
The problem seems to be as hard for quotients of Hopf algebras (i.e. quantum analogs
of homogeneous spaces) as it is for general Q-Galois extensions (i.e. quantum analogs of
principal ﬁber bundles). We have pointed out the second interesting property, namely that
all Hopf modules are relative injective comodules, as a powerful technical tool in criteria for
Q-Galois situations. Again, we have collected results that show this property to be fulﬁlled
quite often, but we do not know in what generality it can be proved. And once again, the
case where the Q-extension in consideration comes from a quotient mapH → Q seems to
be as hard as the general case.
IfH is ﬁnite dimensional over a ﬁeld, then both of the conditions on a quotient coalgebra
and right module Q mentioned above are equivalent to the (in general rather stronger)
condition that H be Q-cleft. This is not hard to see using the equivalent characterizations of
the latter condition proved byHoffmann, Koppinen, andMasuoka ([22,24]). Serge Skryabin
kindly gave us access to his recent preprint [34], where he proves that H is in fact always
Q-cleft in the ﬁnite-dimensional case.
Preliminaries and notations. Throughout the paper k denotes a commutative base ring.
All maps are at least k-linear, unadorned tensor product is understood to be over k, algebras,
coalgebras, and Hopf algebras are over k. We use ∇:A ⊗ A → A, : k → A to denote
the multiplication and unit map of an algebra A, and  = M :A ⊗ M → M to denote
the structure map of an A-module M. The category of left (resp. right) A-modules will be
denoted AM (resp.MA). We write :C → C ⊗ C; c → c(1) ⊗ c(2) and :C → k for the
comultiplication and counit of a coalgebra C. For a right C-comodule M ∈MC we write
 = M :M → M ⊗ C;m → m(0) ⊗ m(1) for its comodule structure. For left comodules
we use (m) = m(−1) ⊗ m(0). For M ∈MC and a left comodule N ∈MC we denote by
MCN the cotensor product. The antipode of a Hopf algebra H is denoted by S.
A left R-module M is called relative projective if it fulﬁlls the following equivalent
conditions: Any surjective R-module map f :N → M which splits as a k-module map also
splits as anR-modulemap; Themodule structuremap :R⊗M → M splits as anR-module
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map; HomR(M, f ) is surjective if f :N → N ′ is a surjective R-module map that is k-split.
Note that direct summands and direct sums of relative projective R-modules are relative
projective. Also, if V is a k-module and M a relative projective R-module, then M ⊗ V is
relative projective.
Dually, a right C-comoduleM is called relative injective if it fulﬁlls the following equiv-
alent conditions: Any injective C-comodule map f :M → N which splits as a k-module
map also splits as a C-comodule map; The comodule structure map :M → M ⊗ C splits
as a C-comodule map; HomC(f,M) is surjective if f :N → N ′ is an injective C-comodule
map which is k-split. Note again that direct summands and ﬁnite direct sums of relative
injective C-comodules are relative injective, as is V ⊗M whenever V is a k-module andM
is a relative injective C-comodule.
The notion of relative projectivity (which one should call k-relative projectivity, but no
other versions will occur in this paper) is a special case of the terminology of relative
homological algebra as found in [20, Chapter IX]. The same is true for relative injectivity,
provided that C is k-ﬂat, which ensures that the categoryMC is abelian to begin with.
1. Generalities on entwining structures
In this section we collect some general conventions and facts on entwinings and their
relation to coalgebra Galois extensions. Most of these can be found in [2]; we also refer to
the survey article [4].
Deﬁnition 1.1. An entwining structure (A,C,) consists of an algebra A, a coalgebra C,
and an entwining, that is, a map :C ⊗ A→ A⊗ C satisfying
(C ⊗∇)= (∇ ⊗ C)(A⊗ )(⊗ A):C ⊗ A⊗ A→ A⊗ C,
(c ⊗ 1)= 1⊗ c ∀c ∈ C,
(A⊗ )= (⊗ C)(C ⊗ )(⊗ A):C ⊗ A→ A⊗ C ⊗ C,
(A⊗ )= ⊗ A:C ⊗ A→ A.
Deﬁnition 1.2. Let (A,C,) be an entwining structure. An entwined moduleM ∈MCA is
a right A-module and right C-comodule such that the diagram





−−−−−−−−−−−−−→ M ⊗ C
commutes.
Lemma 1.3. Let (A,C,) be an entwining structure.
(1) For anyM ∈MA we haveM⊗C ∈MCA with the obvious comodule structure and the
module structure
M⊗C = (M ⊗ C ⊗ A
M⊗−→ M ⊗ A⊗ C M⊗C−→ M ⊗ C).
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This construction deﬁnes a right adjoint functorMA →MCA to the underlying functor.
(2) If alsoM ∈MC , then M is an entwined module if and only if the comodule structure
:M → M ⊗ C is an A-module map.
(3) For anyM ∈MC we haveM ⊗ A ∈MCA with the obvious module structure and the
comodule structure
M⊗A = (M ⊗ A M⊗A−→ M ⊗ C ⊗ AM⊗−→ M ⊗ A⊗ C).
This construction deﬁnes a left adjoint functorMC →MCA to the underlying functor.
(4) If also M ∈ MA, then M is an entwined module if and only if the module structure
:M ⊗ A→ M is a C-comodule map.
Remark 1.4. In particular, an entwining structure (A,C,) gives rise to entwined module
structures on C ⊗A as well as A⊗C. With these structures,  is a morphism of entwined
modules.
Note that the right A-module structure of A ⊗ C determines  uniquely through the
formula (c ⊗ a) = (1 ⊗ c)a. Dually,  is determined by the C-comodule structure of
C ⊗ A.
Deﬁnition 1.5. Let C be a coalgebra, and let A be an algebra and a C-comodule. Put
B := Aco C := {b ∈ A|∀a ∈ A: (ba)= ba(0)⊗ a(1)}. Deﬁne the canonical or Galois maps
0:A⊗A→ A⊗C and :A⊗BA→ A⊗C by 0(x ⊗ y)= (x ⊗ y)= xy0 ⊗ y1. A is
called a C-Galois extension of B if  is a bijection.
Lemma 1.6. Let A be an algebra and a C-comodule. If there is an entwining :C ⊗A→
A ⊗ C for which A ∈ MCA, then both Galois maps 0 and  are morphisms of entwined
modules.
If A is a C-Galois extension, then there is a unique entwining :C ⊗ A → A ⊗ C
satisfying this condition. It is called the canonical entwining associated to the C-Galois
extension A, and is given by (c ⊗ a)= (−1(1⊗ c)a).
Note that (b)= b(1) whenever b ∈ Aco C . If A is C-Galois, we now know that A⊗ C
is a right A-module in such a way that :A → A ⊗ C is a right A-module map. Then if
(b)= b(1) for some b ∈ A, then (ba)= (b)a = b(1)a = b(a) for all a ∈ A, hence
b ∈ Aco C .
Lemma 1.7. Let (A,C,) be an entwining structure and assume that A has a C-comodule
structure making it an entwined module A ∈MCA with the regular A-module structure.
The induction functor
MB  N → N⊗BA ∈MCA
is left adjoint to the functor of coinvariants
MCA  M → Mco C := {m ∈ M|(m)=m(1)} ∈MB .
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If C is k-ﬂat, then the following are equivalent:
(1) The induction functor is an equivalence.
(2) A is C-Galois, and faithfully ﬂat as a left B-module.
Lemma 1.8. Let (A,C,) be an entwining structure and assume that A has a C-comodule
structure making it an entwined module A ∈MCA with the regular A-module structure.
ForM ∈MA considerM ⊗C ∈MCA as in Lemma 1.3. ThenM ⊗  induces a bijection
(M ⊗ C)co C → M with inverseM → (M ⊗ C)co C,m → m(1).
Proof. This canbeveriﬁedbydirect computation, or by applying the adjunctions inLemmas
1.3 and 1.7 to calculate, for B := Aco C and N ∈MB :
MB(N, (M ⊗ C)co C)MCA(N⊗BA,M ⊗ C)
MA(N⊗BA,M)
MB(N,M)
and appealing to theYoneda Lemma. Let us also note that the statement is almost trivial if
the comodule structure is of the form discussed in Corollary 1.10 below. 
Lemma 1.9. Let A be a C-Galois extension of B=Aco C . Assume that there is a group-like
element e ∈ C with (1) = 1 ⊗ e. Then (a) = (e ⊗ a) for all a ∈ A, where  is the
canonical entwining. Moreover,Mco C = {m ∈ M|(m)=m⊗ e} for allM ∈MCA.
Corollary 1.10. Let (A,C,) be an entwining structure, and e ∈ C a group-like element.
Then A ∈ MCA with the regular right A-module structure and the comodule structure
:A→ A⊗ C given by (a)= (e ⊗ a).
In fact view ke as a C-comodule, identify A= ke ⊗ A, and apply Lemma 1.3.
Lemma 1.11. Let (A,C,) be an entwining structure and e ∈ C a group-like element.
EndowAwith the C-comodule structure as in Corollary 1.10.ThenMco C={m ∈ M|(m)=
m ⊗ e} for every M ∈MCA. Assume that A is C-Galois. Then the entwining associated to
the C-Galois extension A of B as in Lemma 1.6 coincides with .
Proof. For any x, y ∈ A we have (xy)=(e⊗ xy)= (∇ ⊗C)(A⊗)(⊗A)(e⊗ x ⊗
y)= (∇ ⊗ C)(A⊗ )(x(0) ⊗ x(1) ⊗ y)= x(0)(x(1) ⊗ y).
If b ∈ Aco C , then (b)= (b · 1)= b(1)= b ⊗ e. If, on the other hand, (b)= b ⊗ e,
then (ba)= b(0)(b(1) ⊗ y)= b(e ⊗ y)= b(y).
That  coincides with the canonical entwining is a direct consequence of
Lemma 1.6. 
Remark 1.12. The deﬁnition of an entwining has an obvious asymmetry (the coalgebra
starts out on the left and ends up on the right). We could call an entwining as deﬁned
above a right entwining, and give an analogous deﬁnition of a left entwining; all the results
collected above will then have analogous left–right switched versions. We will use these
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freely, writing ˜, ˜, ˜0, ˜ for left entwinings, and the Galois maps and comodule structures
associated with them.
Assume now that (A,C,) is a bijective entwining structure, by which we shall mean
that the map  is bijective. Then the inverse −1:A⊗ C → C ⊗ A is a left entwining. If
e ∈ C is a group-like element, we thus have both a right C-comodule structure  and a left
C-comodule structure L on A. It turns out that the left and right C-coinvariant elements
of A coincide: Writing e: k → A for the map that sends 1 ∈ k to e ∈ A, we see that
Aco C is the equalizer of A ⊗ e,(e ⊗ A):A → A ⊗ C, while co CA is the equalizer of
e⊗A=−1(e⊗A) and−1(A⊗e).We also have left versions L:A⊗BA→ C⊗A and
L0 :A⊗A→ C⊗A of the Galois maps, mapping x⊗ y to x(−1)⊗ x(0)y. Since L0 = 0
andL= by the calculationL0 (x⊗y)=(−1(x⊗e)y)=(C⊗∇)(−1⊗A)(x⊗
e ⊗ y) = (∇ ⊗ C)(A⊗ )(x ⊗ e ⊗ y) = 0(x ⊗ y), we see that A is left C-Galois if and
only if it is (right) C-Galois.






Remark 1.13. (1)ADoi–Koppinen datum is a triple (H,A,C) consisting of a bialgebraH,
a rightH-comodule algebra A, and a rightH-module coalgebra C. For every Doi–Koppinen
datum, we have an entwining structure (A,C,) deﬁned by (c ⊗ a) = a(0) ⊗ c · a(1).
The entwining is bijective provided that H has a skew antipode S− (for example, H is a
Hopf algebra with bijective antipode). The inverse of  is then given by −1(a ⊗ c)= c ·
S−(a1)⊗ a(0).
(2) In particular, let H be a bialgebra, A a right H-comodule algebra, and Q a quotient
coalgebra and rightH-module ofH. Thenwehave an entwining (A,Q,), which is bijective
if H has a skew antipode. Note that the Q-comodule structure of A is the one given in
Corollary 1.10 for the group-like e = 1 ∈ Q. The Galois maps ,0 in this case are given
by (x ⊗ y)= 0(x ⊗ y)= xy(0) ⊗ y(1).
(3) Let A be a right H-comodule algebra, and C a left H-module coalgebra. Then we can
view Ccop as a right H cop-module coalgebra, and A as a left H cop-comodule algebra, and
hencewe have a left entwining structure (Aop, C, ˜), with ˜(a⊗c)=a(1) ·c⊗a(0). Entwined
modules in CcopA M are Hopf modules in AM
C
, that is, left A-modules and right C-comodules
M satisfying (am)= a(0)m(0) ⊗ a(1) ·m1 for all a ∈ A and m ∈ M . The left entwining in
this situation is bijective if H has an antipode; we have (˜)−1(c ⊗ a)= a(0) ⊗ S(a(1)) · c.
(4) A special case arises when C =Q′ is a quotient coalgebra and left H-module of the
bialgebra H, and A is an H-comodule algebra. Note that in this case the left Galois maps
˜0:A⊗A→ Ccop⊗A and ˜:A⊗BA→ Ccop⊗A identify, respectively, with ′0:A⊗A→
A⊗Q′, and ′:A⊗BA → A⊗Q′ given by ′0(x ⊗ y) = ′(x ⊗ y) = x(0)y ⊗ x(1). If H
is a Hopf algebra, so the left entwining is bijective, we can also consider the right Galois
map ˜
R






0 (x ⊗ y) = ˜
−1
(x(1) ⊗ x(0)y) =
x(0)y(0) ⊗ S(x(1)y(1))x(2) = xy(0) ⊗ S(y(1)).
(5) Let H be a Hopf algebra with bijective antipode. Then quotient coalgebras and right
H-modules Q of H (i.e. coideal right ideals I ⊂ H ) and quotient coalgebras and left
H-modules Q′ of H (i.e. coideal left ideals I ′ of H) are in bijection via I ′ = S(I). If Q′
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corresponds toQ, then the antipode ofH induces a coalgebra anti-isomorphism S:Q→ Q′.
For a right H-comodule algebra A, the Galois maps 0:A ⊗ A → A ⊗ Q as in (2) and
˜
R
0 :A⊗ A→ A⊗Q′ as in (4) identify along A⊗ S.
Remark 1.14. Let (A,C,) be an entwining structure, where A is a ﬁnite-dimensional
algebra (and k is a ﬁeld).
By Schauenburg [30] there exists a Doi–Koppinen data, that is, a bialgebra H, a right
H-module coalgebra structure on C, and a right H-comodule algebra structure on A, such
that the entwining  has the form given above, i.e. (c ⊗ a) = a(0) ⊗ c · a(1), where
A  a → a(0) ⊗ a(1) ∈ A ⊗ H denotes the H-comodule structure of A. If we are given a
group-like e ∈ C, then an H-module coalgebra map :H → C is given by (h) = e · h.
The relevant Galois map for the induced right C-comodule structure on A is
A⊗ A  x ⊗ y → xy(0) ⊗ (y(1)) ∈ A⊗ C.
Thus, if A is C-Galois, then  has to be surjective, and we can consider C as a quotient
coalgebra and right H-module of H.
It is not known even in the situation where A is ﬁnite-dimensional whether H can be
chosen to be a Hopf algebra.
There are examples of entwining structures (A,C,)with inﬁnite-dimensionalA that do
not come from Doi–Koppinen data [30]. It seems to be an open question, however, whether
there exist C-Galois extensions whose entwining cannot be induced by a Doi–Koppinen
data.
2. Projective Galois extensions
This section contains a key result of our paper, a characterization of (relative) projective
Galois-type extensions as those for which a canonical map is a split surjective comodule
map. The result will be applied in many ways in the subsequent sections.
The following Lemma is a combination of the adjointness in Lemma 1.3(2) with the
morphism  inMCA, which is assumed to be an isomorphism. Its central use in the theory
of comodule algebras goes back to a paper of Doi [9].
Lemma 2.1. Let A be an algebra, C a coalgebra, and :C ⊗ A → A ⊗ C a bijective
entwining. Then for each V ∈MCA we have an isomorphism
	:MC(C, V )→MCA(A⊗ C,V )
given by
	(
)= (A⊗ C 
−1
−→C ⊗ A 
⊗A−→V ⊗ A V−→V ).
Every surjective morphism V → A⊗C that splits as a C-comodule map also splits inMCA.
Proof. It is easy to check that 	(
) is a morphism of entwined modules. The inverse of 	
is given by 	−1()(c)= (1⊗ c).
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If f :V → A ⊗ C is a morphism inMCA and g:A ⊗ C → V satisﬁes gf = idA⊗C ,
then deﬁne g0:C → V by g0(c)= g(1⊗ c), and put g˜ =	(g0). Then g˜ still splits f, since
fg0(c)= 1⊗ c, and hence
f g˜(c ⊗ a)= f (g0(c)a)= f (g0(c))a = (1⊗ c)a = (c ⊗ a)
for c ∈ C and a ∈ A. 
Theorem 2.2. Let (A,C,) be an entwining structure, and assume A has a C-comodule
structure making it an entwined module A ∈MCA with the regular A-module structure.
Put B := Aco C .
Consider the following statements:
(1) 0:A⊗ A→ A⊗ C is surjective, and splits as a C-comodule map.
(2) (a) :A⊗BA→ A⊗ C is bijective.
(b) A is relative projective as right B-module.
Then (2) implies (1).
If  is bijective, and the obvious map A ⊗ B → (A ⊗ A)co C is a bijection, then (1)
implies (2).
Remark 2.3. The condition that the canonical map A⊗ B → (A⊗ A)co C is bijective is
fulﬁlled in each of the following cases:
(1) A is k-ﬂat.
(2) The induction functorMB →MCA is an equivalence, that is (see 1.7) A is a faithfully
ﬂat C-Galois extension; indeed, the map in question is the adjunction morphism for the
B-module A⊗ B.
(3) A is a relative injective C-comodule and  is bijective (see 4.1 below).
Proof. (2) ⇒ (1): If AB is relative projective, the multiplication map A⊗ B → A splits
inMB . Apply the functor (−)⊗BA:MB →MCA to ﬁnd that
0 = (A⊗ AA⊗ B⊗BA
⊗BA−→ A⊗BA −→A⊗ C)
splits inMCA, and in particular as a comodule map.
Now we prove (1) ⇒ (2), assuming that  and the map A ⊗ B → (A ⊗ A)co C are
bijective.
By assumption, there is a C-colinear splitting of 0, and by Lemma 2.1 it follows that
there is a splitting inMCA. Thus A ⊗ C is a direct summand of A ⊗ A inMCA. Apply the
functor (−)co C to deduce that A is a direct summand of (A⊗A)co C=A⊗B inMB , hence
relative projective. This proves (2)(b).
Toprove that is bijective, considermoregenerally the adjunctionmapV :V co C⊗BA→
V for V ∈MCA. Since (A⊗ C)co CA by Lemma 1.8, we can identify A⊗C with , and
will verify that A⊗C is a bijection by using functoriality of . Since A ⊗ C is a direct
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summand of A⊗A, we only need to check that A⊗A is a bijection. But this follows from
the assumptions since
A⊗A: (A⊗ A)co C⊗BA(A⊗ B)⊗BA→ A⊗ A
is the canonical isomorphism. 
Remark 2.4. There is a left version of Theorem 2.2 for a bijective left entwining ˜, con-
cerned with the condition that the left Galois map ˜0:A ⊗ A → C ⊗ A splits as a left
C-comodule map. This is equivalent to the condition that the right Galois map ˜
R
0 :A⊗A→
A⊗C splits as a leftC-comodule map, where the leftC-comodule structure on the source is
that of the left tensor factor, and the one on the right is given by ˜(a⊗c)=˜(a⊗c(1))⊗c(2).
It is clear how to specialize Theorem 2.2 to the situation of anH-comodule algebra A and
a quotient coalgebra and rightH-moduleQ of a Hopf algebraHwith bijective antipode. By
switching sides, we also get a version for quotient coalgebras and left modules of H, which
we will write down explicitly to clarify the somewhat complicated identiﬁcations.
Corollary 2.5. Let H be a Hopf algebra, and A a right H-comodule algebra. Let Q′ be
a quotient coalgebra and left H-module of H. Put B := AcoQ′ . Consider the following
statements:
(1) ′0:A ⊗ A → A ⊗ Q′, x ⊗ y → x(0)y ⊗ x(1) is surjective, and splits as a right
Q′-comodule map.
(2) (a) ′:A⊗BA→ A⊗Q′ is bijective.
(b) A is relative projective as left B-module.
Then (2) implies (1), and if the obvious map A⊗ B → (A⊗ A)coQ′ is bijective, then (1)
implies (2).
If the antipode of H is bijective, and Q is the quotient coalgebra and right module of H
corresponding toQ′, then (1) is equivalent to
(3) 0:A⊗A→ A⊗Q, x⊗y → xy(0)⊗y(1) is surjective, and splits as a left Q-comodule
map; here, the left Q-comodule structures are given by
A⊗ A  x ⊗ y → S−1(x(1))⊗ x(0) ⊗ y ∈ Q⊗ A⊗ A,
A⊗Q  x ⊗ q → q(1)S−1(x(1))⊗ x(0) ⊗ q(2) ∈ Q⊗ A⊗Q.
Proof. As discussed in Remark 1.13(4), we have a bijective left entwining ˜ involving
C = (Q′)cop. Applying the left version of Theorem 2.2 yields the stated relations between
(1) and (2).
As in Remark 2.4, (1) is equivalent to the condition that ˜R0 :A⊗A→ A⊗Q′, given by
˜
R
0 (x ⊗ y) = xy(0) ⊗ S(y(1)), is surjective and splits as a right Q′-comodule map, where
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the comodule structure on the source is that of the left tensor factor, and that on the target
is given by
A⊗Q′ : A⊗Q′  x ⊗ q → x(0) ⊗ q(2) ⊗ x(1)q(1) ∈ A⊗Q′ ⊗Q′.
IfH has bijective antipode, andQ corresponds toQ′ as in Remark 1.13(5), then ˜R0 identiﬁes
with 0 as in (3), and the right Q′-comodule structures can be identiﬁed with the left
Q-comodule structures given in (3), since (A ⊗ S−1)A⊗Q′(x ⊗ S(q)) = x(0) ⊗ q(2) ⊗
S−1(x(1)S(q(1)))= x(0) ⊗ q(2) ⊗ q(1)S−1(x(1)). 
Most of our applications of Theorem 2.2 will rely on additional hypotheses on C or the
comodule structure. However, we can draw one very general conclusion on the behavior of
the Galois condition when we pass to quotients:
Corollary 2.6. Let (A,C,) be an entwining structure and e ∈ C group-like such that A
is a C-Galois extension of B := Aco C , and a relative projective right B-module.
Let (R,D, ) be a bijective entwining, :C → D a surjective coalgebra map, and
f :A→ R a k-split surjective algebra andD-comodule map such that (⊗f )=(f ⊗).
Assume that  splits as a right D-comodule map.
Then R is a D-Galois extension of S := RcoD , and if the obvious map R ⊗ S →
(R ⊗ R)coD is bijective, then R is a relative projective right S-module.







R ⊗ R 
(R)
0−−−−−−−−−→ R ⊗D
shows that the canonical map (R)0 for the D-extension R is surjective. By assumption and
Theorem 2.2 the C-comodule map (A)0 splits. Since f splits as a k-module map, we see that
(R)0 splits as a D-comodule map, and the claim follows from Theorem 2.2. 
Corollary 2.7. Let H be a k-ﬂat Hopf algebra with bijective antipode, and Q a quotient
coalgebra and right module of H. Put K := H coQ. The following are equivalent:
(1) The surjection H → Q splits as a right Q-comodule map.
(2) H is a Q-Galois extension of K and a relative projective right K-module.
Proof. (1)⇒ (2): We apply Corollary 2.6 with A= R = C =H and D =Q.
(2)⇒ (1): By Theorem 2.2 the Galois map 0:H⊗H → H⊗Q splits as aQ-comodule
map. Looking at the diagram in the proof of Corollary 2.6, we see that H ⊗ :H ⊗H →
H ⊗Q splits as a Q-comodule map by, say, t :H ⊗Q→ H ⊗H . If we deﬁne f :Q→ H
by f (q)= (⊗H)f (1⊗ q), then f splits . 
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To close the section, we give an equivalent characterization of projective (rather than
relative projective) C-Galois extensions. The proof is very similar to that of 2.2.
Theorem 2.8. Let (A,C,) be an entwining structure, and assume A has a C-comodule
structure making it an entwined module A ∈MCA with the regular A-module structure.
Put B := Aco C .
The following are equivalent:
(1) There is an index set I and a surjectionA(I) → A⊗C inMCA that splits as aC-comodule
map.
(2) A ⊗ C is a direct summand of a direct sum of copies of A as an entwined module in
MCA.
(3) (a) :A⊗BA→ A⊗ C is bijective.
(b) A is projective as right B-module.
Proof. (1)⇔ (2) by 2.1.
(2) ⇒ (3): Applying the functor (−)co C we ﬁnd that A = (A ⊗ C)co C is a direct
summand of a direct sum of copies of Aco C = B, hence projective. As in the proof of 2.2,
we consider =A⊗C as a special case of the adjunction morphism M :Mco C⊗BA→ M
forM ∈MCA. Since A⊗ C is a direct summand of a direct sum of copies of A, and A is
bijective, so is .
(3)⇒ (2): A is a right B-module direct summand of B(I) for some index set I, soA⊗BA
is a direct summand of A(I) inMCA. But A⊗BAA⊗ C by assumption. 
3. Kreimer–Takeuchi type theorems
In this section we will discuss a generalization of the Kreimer–Takeuchi Theorem [16,
Theorem 1.7], which, in turn, is a Hopf algebraic version of a result of Grothendieck on
actions of ﬁnite group schemes [8, III, Section 4, 6.1]. Let H be a Hopf algebra, and A an
H-comodule algebra such that the Galois map 0:A⊗ A→ A⊗H is surjective.
The Kreimer–Takeuchi theorem says that if H is ﬁnitely generated projective, then A is
an H-Galois extension of B := AcoH , and projective as left as well as right B-module. A
partial generalization was proved by Beattie, Da˘sca˘lescu, and Raianu: If k is a ﬁeld, and
H is co-Frobenius, it follows again that A is an H-Galois extension of B [1, Theorem 3.2,
(ii)⇒ (i)], and at least a ﬂat B-module.
In case that k is a ﬁeld, we will see that both results (and the fact that A is projective
over B also in the case studied in [1]) follow directly from Theorem 2.2; if k is not a ﬁeld,
projectivity of A as a B-module requires a little extra work. We will prove a more general
result for entwining structures, and discuss conditions under which it applies to Q-Galois
extensions, with Q a quotient of a Hopf algebra H.
Theorem 3.1. Let (A,C,) be a bijective entwining and assume A has a C-comodule
structure making it an entwined module A ∈MCA with the regular A-module structure.
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Assume that the Galois map 0:A⊗ A→ A⊗ C is surjective.
If C is k-ﬂat, and projective as right (left) C-comodule, then A is a C-Galois extension of
B := Aco C and projective as right (left) B-module.
Proof. We only treat the version without parentheses, which implies the one in parentheses
when applied to the inverse of the entwining .
Note that ifA is a projective k-module, thenA⊗C is a projectiveC-comodule, and hence
the surjection 0 splits as a comodule map. The claims then follow from Theorem 2.2.
For the general case, letM ∈MCA. We have isomorphisms
MCA(A⊗ C,M)MCA(C ⊗ A,M)MC(C,M)
induced, respectively, by  and the adjunction in Lemma 1.3(2). Since C is a projective
comodule by assumption, it follows that A⊗ C is a projective object inMCA. Now writing
A as the quotient of a free k-module k(I) for some index set I, we get a surjection
A(I)k(I) ⊗ A→ A⊗ A 0−→A⊗ C
inMCA. By projectivity of A ⊗ C, this surjection splits inMCA. Thus Theorem 2.8 yields
the result. 
Remark 3.2. (1) Assume that C is a projective k-module. If C is projective as left C∗-
module, then it is projective as right C-comodule. Now assume that C is ﬁnitely generated
projective. Then the converse holds, and moreover C is projective as a left C∗-module if
and only if C∗ is injective as a right C∗-module, that is, C∗ is a right self-injective ring.
It is worth noting that if k is a ﬁeld, then C∗ is right self-injective if and only if it is left
self-injective [17, Theorem 15.1]; in particular the hypotheses of the theorem are the same
for its left-right switched version if C is ﬁnite dimensional over a ﬁeld.
(2) Assume that k is a ﬁeld. The coalgebra C is called left co-Frobenius if there is an
injective left C∗-module map from C to C∗. If C is left co-Frobenius, then C is projective
as left C∗-module [19, Proposition 5], hence projective as a right C-comodule.
(3) A Hopf algebra H over a ﬁeld k is left co-Frobenius as a coalgebra if and only if
it admits a non-zero left integral :H → k, if and only if H is right co-Frobenius [19,
Theorem 3]. In this case the antipode of H is bijective. [27, Proposition 2].
(4) Let us say that a Hopf algebra H which is a projective k-module has enough right
integrals if the evaluation map H ∗ ⊗H → k induces a surjection H ⊗ Ir (H)→ k, where
Ir (H) denotes the space of left integrals onH. Thus,H has enough right integrals if and only
if there are right integrals 1, ..., k ∈ H ∗ and elements t1, ..., tk ∈ H with∑ i (ti ) = 1.
For example, H has enough right integrals if there is a surjective right integral :H → k.
Now H is projective as a right H ∗-module if and only if H has enough right integrals:
One checks that if i , ti are as above, then
:H  h →
∑
hti(2) ⊗ i ↼ S(h(1)) ∈ H ⊗H ∗
is anH ∗-linear splittingof theH ∗-module structure ofH, and conversely, if:H → H⊗H ∗
splits the module structure, then (1) ∈ H ⊗ Ir (H) is mapped to 1 ∈ k under evaluation.
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Given the well-known properties of ﬁnite Hopf algebras, and the properties of co-
FrobeniusHopf algebras discussed above,Theorem3.1 contains both theKreimer–Takeuchi
theorem and its generalization in [1] as special cases, when we apply it to the entwining
coming from an H-comodule algebra A. We will be interested in the more general situation
where A is an H-comodule algebra that we view as a Q-extension for a quotient coalgebra
and right H-module Q of H:
Corollary 3.3. Let H be a Hopf algebra with bijective antipode,A an H-comodule algebra,
and Q a quotient coalgebra and right H-module of H.
Assume that the Galois map 0:A⊗A→ A⊗Q is surjective. Then it follows that A is
a Q-Galois extension of B := AcoQ and a projective left B-module in each of the following
cases:
(1) k is a ﬁeld, and H is ﬁnite dimensional.
(2) H is ﬁnitely generated projective over k, coﬂat as a right Q-comodule, and the surjection
H → Q splits as a left Q-comodule map.
(3) Hhas enough right integrals, is coﬂat as a rightQ-comodule,and the surjectionH → Q
splits as a left Q-comodule map.
(4) k is a ﬁeld,H is co-Frobenius, and faithfully coﬂat both as a left and a right Q-comodule.
(5) H is Q-cleft and Q is ﬁnitely generated projective.
(6) k is a ﬁeld,H has cocommutative coradical, and Q is ﬁnite dimensional and of the form
Q=H/K+H for a Hopf subalgebra K ⊂ H .
Proof. Wewill verify in each case thatQ is a projective leftQ-comodule (or a projective right
Q∗-module,which is equivalent ifQ is ﬁnitely generated projective).Then the parenthesized
version of Theorem 3.1 can be applied to the entwining of A and Q to prove the claim.
As for (1), Skryabin [34] has proved thatQ∗ is Frobenius.
Any of (2)–(4) imply thatH is projective as leftH-comodule: In the case thatH is ﬁnitely
generated projective, this follows from the structure theorem for Hopf modules over a Hopf
algebra, since H can be considered as a Hopf module inMH ∗H ∗ as in [18]. If H has enough
right integrals, then H is projective as right H ∗-module as we discussed above. Case (4) is
a special case of (3): If k is a ﬁeld, and H is left faithfully coﬂat over Q, then the surjection
H → Q splits as a left Q-comodule map by Schneider [32, 1.1,1.3].
Now to prove the desired results on Q under hypotheses (2), (3), or (4), we may assume
more generally that H is a coalgebra that is projective as a left H-comodule, and Q is a
quotient coalgebra of H so that H is a coﬂat right Q-comodule, and the surjection H → Q
splits as a left Q-comodule map. We have an isomorphism
QM(H, V )HM(H,HQV )
for any left Q-comodule V. Thus H projective in HM and H coﬂat as right Q-comodule
implies that the functor QM(H,−) is exact, thusH is projective as leftQ-comodule. Since
Q is a direct summand, it also is projective as left Q-comodule.
We note that under hypothesis (2), with k a ﬁeld, Q∗ was proved to be self-injective by
Hoffmann, Koppinen and Masuoka [24, Theorem 4.2].
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Under the hypotheses in (5) Fischman et al. [11, Theorem 4.8] show thatQ∗ is Frobenius
if k is a ﬁeld. Part of their technique still applies in the general case:We can considerQ∗ as a
Hopf module inMQH with the right Q-comodule structure dual to the regular left comodule
structure ofQ, and the rightH-module structure deﬁned by (h)(q)=(qS(h)) for  ∈ Q∗,
h ∈ H , and q ∈ Q. ThenQ∗∈MQH by the calculation
((0)h(1))(q)(1)h(2) = (0)(qS(h(1)))(1)h(2) = q(1)S(h(2))(q(2)S(h(1)))h(3)
= q(1)(q(2)S(h))= q(1)(h)(q(2))= (h)(0)(q)(h)(1).
By the results in [25] that we will review in Lemma 5.2 it follows that Q∗ is injective as
right Q-comodule, and hence Q is projective as rightQ∗-module.
Under the hypotheses in (6) the algebra Q∗ is again Frobenius, by results of Fischman
et al. [11, Corollary 4.9]. 
4. Injectivity conditions
From now on many of our results on general entwinings (A,C,)will depend on having
a distinguished group-like e ∈ C and considering A ∈MCA as in Corollary 1.10. We will
always assume this structure is taken, and allude to the situation by simply saying that there
is a group-like e ∈ C.
The following result and the remark following it characterize, in particular, thoseC-Galois
extensions, with distinguished group-like e ∈ C, that are relative injective comodules. For
Doi–Koppinen data the results are due to Doi [10, Propositions 3.2, 3.3], generalizing his
result [9, 1.6] for comodule algebras. The proofs for general entwinings are not essentially
more difﬁcult.
Lemma 4.1. Let (A,C,) be a bijective entwining structure, and e ∈ C group-like. The
following are equivalent:
(1) A is a relative injective C-comodule.
(2) There is a C-colinear map 
:C → A with 
(e)= 1.
(3) There is a map :A⊗ C → A inMCA with A = idA.
If these conditions are satisﬁed, then B := Aco C is a direct summand of A as a right B-
module, the unitN → (N⊗BA)co C of the adjunction in Lemma 1.7 is a bijection for every
right B-module N, and in particular (V ⊗ A)co CV ⊗ B for every k-module V.
Proof. Clearly (3) implies (1).Assuming (1), there is at least aC-colinear map:A⊗C →
A with  = idA. Put 
(c) = (1 ⊗ c) to prove (2). Assuming (2), put  := 	(
) as in
Lemma 2.1. We have (a)= (e ⊗ a)= ∇(
⊗ A)(e ⊗ a)= a, proving (3).
For a map  as in (3), we have in particular (b⊗ e)= (b)= b for b ∈ B, hence the
coinvariant part co C :A→ B splits the inclusion B → A.
Also, if :A ⊗ C → A is a colinear map that splits the comodule structure of A,
then the pair of homomorphisms , A ⊗ e:A → A ⊗ C is contractible in the sense dual
to [21, VI.6], since  = idA and (A ⊗ e) = (A ⊗ e)(A ⊗ e) by the calculation
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(a⊗ e)=(a⊗ e(1))⊗ e(2)=(a⊗ e)⊗ e= (A⊗ e)(A⊗ e)(a). But the equalizer of
a contractible pair is preserved under any functor, in particular under tensor product with a
right B-module N. 
Remark 4.2. If A is a C-Galois extension of B := Aco C , and B is a direct summand of A
as right B-module, then A is relative injective as a C-comodule.
Proof. IfB is a direct summandofA as rightB-module, thenAB⊗BA is a direct summand
of A⊗BA as a C-comodule. Since A⊗BAA⊗ C is relative injective, so is A.

Remark 4.3. It is clear how to specialize the results to the important case where A is an
H-comodule algebra, and C = Q is a quotient coalgebra and right H-module (here, the
antipode of H should be bijective to have a bijective entwining). We can also consider a
quotient coalgebra and left module of H as in Corollary 2.5. Here, the relevant entwining
of C = (Q′)cop and A is bijective if H is a Hopf algebra. As a result, if A is injective
as Q′-comodule, then there is a map :A ⊗ Q′ → A in AMQ
′
splitting the comodule
structure, and in particular the left submodule B ⊂ A is a direct summand. Conversely, if
A is Q′-Galois and the left submodule B ⊂ A is a direct summand, then A is injective as
Q′-comodule.
Remark 4.4. Consider a projective right B-moduleA. IfA contains B as a direct summand,
then in particular A is a generator. If A is a generator inMB , then AB is faithfully ﬂat. Now
if B ⊂ A is a ring extension, then conversely, AB projective and faithfully ﬂat implies that
the right B-submodule B ⊂ A is a direct summand [28, 2.11.29]. The results above and in
Section 2 characterizeC-Galois extensionsB ⊂ A such thatAB is a projective generator (or
has the equivalent properties we have just discussed): Let (A,C,) be a bijective entwining
structure, and e ∈ C group-like. Put B = Aco C . Assume that A is projective as k-module.
Then A is C-Galois and a right projective generator over B if and only if the canonical map
0:A ⊗ A → A ⊗ C is surjective and splits as a C-comodule map, and A is an injective
C-comodule. On the other hand, such extensions can also be characterized as thoseC-Galois
extensions that are projective and faithfully ﬂat as right B-modules. Faithfully ﬂat C-Galois
extensions in turn can be characterized by the structure theorem for Hopf modules Lemma
1.7. Thus A is a C-Galois extension and a projective generator as right B-module if and only
if the induction functor BM→CAM is an equivalence, and in addition A is a projective right
B-module.
If k is a ﬁeld, more can be said without assuming that AB is projective:
Proposition 4.5. Let (A,C,) be a bijective entwining structure over a ﬁeld k, and e ∈ C
group-like such that A is a C-Galois extension of B := Aco C and a ﬂat right B-module. The
following are equivalent:
(1) A is a faithfully ﬂat right B-module.
(2) The right B-submodule B ⊂ A is a direct summand.
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(3) A is injective as C-comodule.
(4) A is coﬂat as C-comodule.
(5) A is faithfully coﬂat as C-comodule.
Proof. Clearly (1) follows from (2).
(1)⇒ (5): Consider a left C-comodule V. We have a chain of isomorphisms
A⊗B(ACV )(A⊗BA)CV
V
 (A⊗ C)CVA⊗ V ,
the ﬁrst one using that A is B-ﬂat. By faithful ﬂatness of AB it follows that A is faithfully
coﬂat, since A is faithfully ﬂat over k.
(5)⇒ (4) trivially, and (4)⇒ (3) by a result of Takeuchi [36, A.2.1].
Finally (3)⇒ (2) by Lemma 4.1. 
Corollary 4.6. Let (A,C,) be an entwining structure, and e ∈ C group-like such that A
is a C-Galois extension ofB := Aco C .Assume that A is a relative projective right B-module,
and the right B-submodule B ⊂ A is a direct summand.
Let :C → D be a surjective coalgebra map with (Ker  ⊗ A) ⊂ Im(A ⊗ Ker ).
Assume that the induced map :D ⊗ A→ A⊗D is bijective.
If  splits as a right D-comodule map, and C is relative injective as right D-comodule,
then A is a D-Galois extension of S := AcoD , a relative projective right S-module, and the
right S-submodule S ⊂ A is a direct summand.
Proof. Wealready know fromCorollary 2.6 thatA is aD-Galois extension of S and a relative
projective right S-module. In addition, since B ⊂ A is a right module direct summand, we
know from Remark 4.2 that A is a relative injective C-comodule, hence a direct summand
of the C-comodule A ⊗ C. Since C is relative injective as right D-comodule, A ⊗ C and
hence A is a relative injective D-comodule. From Lemma 4.1 we see that S ⊂ A is a direct
summand as right S-module. 
Remark 4.7. (1) Assume that k is a ﬁeld, and :C → D is a coalgebra surjection such
that C is faithfully coﬂat as a right D-comodule. Then by [36, A.2.1] C is injective as right
D-comodule, and by Schneider [32, 1.1,1.3] the right D-comodule map  splits.
(2) The most important application of the preceding Theorem occurs when A is an H-
Galois extension for a Hopf algebra C = H with bijective antipode, and D =Q is a right
H-module coalgebra quotient of H.
Next, wewill specialize our results to the case ofH-comodule algebras over a k-projective
Hopf algebra H with bijective antipode. Here, the condition that the Galois map 0 is split
already follows from the condition that A is a relative injective comodule. The reason is that
in this case all Hopf modules are relative injective comodules. This result is due to Doi [9].
We formulate the next corollary for general C-extensions with the property that all Hopf
modules are injective comodules. It shows that this is a powerful condition. On the other
hand, it is quite unclear when it is fulﬁlled, although we will encounter such situations in
later sections.
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Corollary 4.8. Let (A,C,) be a bijective entwining, and e ∈ C group-like. Assume that
every entwined module inMCA is relative injective as a C-comodule, and C is a projective
k-module.
If 0:A⊗A→ A⊗C is surjective, then A is a C-Galois extension of B := Aco C and a
relative projective right B-module, and the right B-submodule B ⊂ A is a direct summand.
Proof. The canonical map 0 is a morphism of entwined modules, and a left A-module
map. Since C is projective over k, the left A-module A⊗C is projective, and 0 splits as an
A-module map. Since the kernel of 0 is an entwined module and a k-direct summand, 0
splits as a C-comodule map by assumption. The assertions now follow from Theorem 2.2
and Lemma 4.1. 
Except for projectivity ofA as a B-module, the following two results are in [32, Theorems
3.5, I], with a different proof.
Theorem 4.9. Let H be a Hopf algebra with bijective antipode, and A an H-comodule
algebra. Put B := AcoH . Assume that H is a projective k-module. The following are
equivalent:
(1) The canonical map :A⊗BA → A ⊗ H is surjective, and A is a relative injective
H-comodule.
(2) A is anH-Galois extension of B, and the right B-submoduleB ⊂ A is a direct summand.
(3) A is an H-Galois extension of B, and the left B-submodule B ⊂ A is a direct summand.
In this case A is relative projective as left and right B-module.
Proof. Condition (1) implies (2) and projectivity of AB by Corollary 4.8, since by a result
of Doi [9, 1.6] every Hopf module is a relative injective comodule.
Implication (2)⇒ (1) by Remark 4.2.
The equivalence of (1) and (3) follows by applying the one of (1) and (2) to the H op-
comodule algebra Aop. 
Theorem 4.10. Let H be a Hopf algebra with bijective antipode over a ﬁeld k. Let A be an
H-comodule algebra, and put B = AcoH . The following are equivalent:
(1) The canonical map :A⊗BA → A ⊗ H is surjective, and A is injective as an
H-comodule.
(2) A is an H-Galois extension of B and a faithfully ﬂat left B-module.
(3) A is an H-Galois extension of B and a faithfully ﬂat right B-module.
(4) The induction functorMB→MHA is an equivalence.
In this case A is projective as a left and right B-module, and B is a direct summand of A as
both left and right B-module.
Proof. This is a combination of the preceding Theorem with Proposition 4.5 and
Lemma 1.7. 
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5. Equivariant projectivity and injectivity
Deﬁnition 5.1. Let R be an algebra, C a coalgebra, and V an (R,C)-bimodule, that is, a
left R-module and right C-comodule such that (rv)(0)⊗ (rv)(1)= rv(0)⊗v(1) for all r ∈ R
and v ∈ V .
(1) V is calledC-equivariantly R-projective (or just equivariantly projective if no confusion
is likely) if there is a C-colinear splitting of the module structure map R ⊗ V → V .
(2) V is called R-equivariantly C-injective (or just equivariantly injective) if there is an
R-linear splitting of the comodule structure map V → V ⊗ C.
As an immediate consequence of the deﬁnition, an equivariantly projective (R,C)-
bimodule is a relative projective R-module. In addition to the requirement thatR⊗V → V
splits as an R-module map, the deﬁnition of an equivariantly projective bimodule requires
that such a splitting can be chosen to be equivariant with respect to the coaction ofC. Dually,
an equivariantly injective bimodule is a relative injective C-comodule.
We will show that in many interesting cases a Q-Galois extension A of B is equivariantly
projective (that is, Q-equivariantly R-projective).
Thepropertywas studiedﬁrst forHopfGalois extensions in [7], see also [13]. Itwas shown
there that equivariant projectivity of an H-Galois extension is equivalent to the existence of
a so-called strong connection. Connections and the strong connections introduced in [12]
are algebraic analogs of differential-geometric notions.
A very special class of extensions that have all the desirable properties we have discussed
so far is the class of cleft extensions. The following lemma collects properties proved by
Masuoka and Doi [25] for the case where C =Q is a quotient coalgebra and right module
of a bialgebraH, andA is anH-comodule algebra; we use techniques from [29] in the proof.
The generalization to entwinings instead of comodule algebras does not present additional
problems.
Lemma 5.2. Let (A,C,) be an entwining structure, and e ∈ C a group-like element; put
B = Aco C . Assume that A is C-cleft, that is, there is a C-colinear convolution invertible
map j :C → A, and C is a ﬂat k-module.
Then A is C-Galois, equivariantly projective, and equivariantly injective. The induction
functor MB → MCA is an equivalence, and every entwined module is injective as C-
comodule.
Proof. We can assume j (e)=1without loss of generality; otherwise replace jwith E˜ deﬁned
by E˜(c)= j−1(e)j (c).
Let M ∈MCA. Deﬁne 0:M → M by 0(m) = m(0)j−1(m(1)). We will ﬁrst show that
0(M) ⊂ Mco C . To verify
M(0(m(0)))⊗m(1) = 0(m(0))⊗ e ⊗m(1)
for m ∈ M (from which the assertion follows by applying  to the last tensor factor), we
apply the bijective map
T :M ⊗ C ⊗ C  m⊗ c ⊗ d → (m⊗ c)j (d(1))⊗ j (d(2)) ∈ M ⊗ C ⊗ C




= M(m(0)j−1(m(1))j (m(2)))⊗m(3) = M(m(0))⊗m(1)
and, using (m⊗ e)a =ma(0) ⊗ a(1) for m ∈ M and a ∈ A,
T (0(m(0))⊗ e ⊗m(1))
= (0(m(0))⊗ e)j (m(1))⊗m(2)
= 0(m(0))j (m(1))(0) ⊗ j (m(1))(1) ⊗m(2)
= 0(m(0))j (m(1))⊗m(2) ⊗m(3) =m(0) ⊗m(1) ⊗m(3).
Now we can deﬁne :M → Mco C by (m)=0(m) for allm ∈ M . It is straightforward
to check that Mco C ⊗ C  m ⊗ c → mj(c) is C-colinear and bijective with inverse
m → 0(m(0)) ⊗ m(1). In particular every entwined module inMCA is a relative injective
C-comodule. The Galois map :A⊗BA→ A⊗ C is bijective with inverse −1(a ⊗ c)=
aj−1(c(1))⊗j (c(2)). The B-linear andC-colinear mapA  a → (a(0))⊗j (a(1)) ∈ B⊗A
splits the leftB-module structure ofA, and theB-linear andC-colinearmapA⊗C  a⊗c →
(a)j (c) splits the C-comodule structure of A. 
We note for later use that one property noted for cleft extensions in Lemma 5.2 holds
more generally for equivariantly injective extensions:
Remark 5.3. Let A be a C-Galois extension of B = Aco C . If A is equivariantly injective
and faithfully ﬂat as a left B-module, then every entwined module in MCA is a relative
injective C-comodule.
Proof. Let M ∈ MCA. By assumption and Lemma 1.7 we have MMco C⊗BA, and if
:A⊗C → A is a left B-linear and right C-colinear splitting of the comodule structure of
A, thenMco C⊗B splits the comodule structure ofMco C⊗BA. 
We should stress that the condition that A be C-cleft is much more restrictive than the
equivariant injectivity and projectivity conditions. However, the lemma will also have ap-
plications to extensions A that are not cleft.
More precisely, let H be a Hopf algebra, and Q a quotient coalgebra and right module
of H. It will turn out to be useful for the study of a Q-extension (which need not be cleft)
to know that H is equivariantly Q-injective. If H is ﬁnite dimensional over a ﬁeld, a recent
important result of Skryabin [34] shows thatH is evenQ-cleft for any quotient coalgebra and
right moduleQ. This had long been an open question; many equivalent characterizations of
cleftness in this situation had been given by Masuoka [22] and Masuoka and Doi [25], and
the property had been proved in interesting special cases by Masuoka [23].
The following general lemma links equivariant injectivity and projectivity in a general
bimodule.
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Lemma 5.4. Let R be an algebra, C a coalgebra, and V an (R,C)-bimodule.
(1) If V is a relative projective R-module and an R-equivariantly injective C-comodule,
then V is a C-equivariantly projective R-module.
(2) If V is a relative injective C-comodule and a C-equivariantly projective R-module, then
V is an R-equivariantly injective C-comodule.
Proof. We only show (1), the proof of (2) is dual. Since V is relative R-projective, there is
a left R-linear map s0 : V → R ⊗ V with V s0 = idV . Deﬁne s as the composition
V
V−→V ⊗ C s0⊗idC−→ R ⊗ V ⊗ C idR⊗−→ R ⊗ V .
Then s is leftR-linear, and rightC-colinear. Since is leftR-linear, V (idR⊗)=(V ⊗
idC). Hence
V s = V (idR ⊗ )(s0 ⊗ idC)V = (V ⊗ idC)(s⊗ idC)V = V = idV . 
Remark 5.5. We will always apply Lemma 5.4 to the following situation: A is an algebra
and a C-comodule, and B ⊂ A is a subalgebra such that A is a (B,C)-bimodule (mostly
even a C-Galois extension of B); there is a group-like e ∈ C with (1) = 1 ⊗ e. From
the proof of Lemma 5.4 we see that if A is equivariantly injective, and there is a B-linear
splitting s0:A → B ⊗ A of the left B-module structure of A that satisﬁes s0(1) = 1 ⊗ 1,
then there is a (B,C)-bimodule splitting s:A→ B⊗A that satisﬁes s(1)= 1⊗ 1. If BA is
relative projective, and BB⊂BA is a direct summand, then s0 can in fact be chosen in this
way.
As a consequence of Lemma 5.4 and our previous results, equivariant projectivity al-
ways holds for H-Galois extensions that are relative injective comodules, if H has bijective
antipode. If k is a ﬁeld, this means in particular that a faithfully ﬂat H-Galois extensions
for a Hopf algebra H with bijective antipode always admits a strong connection in the
sense of [7].
Theorem 5.6. Let H be a k-projective Hopf algebra, A a right H-comodule algebra and
B = AcoH . Assume that A is relative injective as a right H-comodule.
Then A is equivariantly injective. In particular, A is equivariantly projective if and only
if it is relative projective as a left B-module.
If B ⊂ A is an H-Galois extension and the antipode of H is bijective, then B ⊂ A is
equivariantly projective.
Proof. Applying Lemma 2.1 to the bijective entwining of H op and Aop coming from the
H op-comodule algebraAop yields a rightH-colinear and left B-linear map :A⊗H → A,
so that A is equivariantly injective. If BA is relative projective, then A is equivariantly
projective by Lemma 5.4(1). If A is an H-Galois extension, and H has bijective antipode,
then A is relative projective as left B-module by Theorem 4.9. 
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For applications to quantum groups, the case of C-extensions where k is an algebraically
closed ﬁeld, and C is a cosemisimple coalgebra, is particularly important.
Remark 5.7. (1)AcoalgebraCwith comultiplication : C → C⊗C is called coseparable
if there is a left and right C-colinear map  : C ⊗ C → C with = idC.
(2) We will call a coalgebra C right cosemisimple if it is k-ﬂat, and fulﬁlls the following
equivalent conditions:
(a) Every right C-comodule is relative injective.
(b) Every right C-comodule is relative projective.
(c) IfM is a right C-comodule, and N ⊂ M a subcomodule that is a direct summand as
a k-module, then N is a direct summand as a C-comodule.
If k is a ﬁeld, this coincideswith the usual deﬁnition [35, Chapter XIV]; note that a coalgebra
over a ﬁeld is right cosemisimple if and only if it is left cosemisimple. If k is arbitrary and
C is ﬁnitely generated projective, then C is right cosemisimple if and only if C∗ is a left
semisimple algebra over k in the sense of Hattori [14].
(3) A k-ﬂat coseparable coalgebra is right and left cosemisimple; see 5.8.
(4) Let C be a coalgebra over a ﬁeld k. Then the following are equivalent:
(a) C is coseparable.
(b) C is cosemisimple, and for any simple (hence ﬁnite-dimensional) subcoalgebra
D ⊂ C, the dual algebra D∗ is separable.
(5) Any cosemisimple coalgebra over an algebraically closed ﬁeld is coseparable.
According to part (3) of the preceding remark, every comodule over a coseparable coalge-
bra is relative injective. This is generalized and strengthened by the following observation:
Proposition 5.8. Let C be a coseparable coalgebra. Then any (R,C)-bimodule is equiv-
ariantly injective.
In particular, any (R,C)-bimodule that is a relative projective R-module, is equivariantly
projective.
Proof. Let :C ⊗C → C be a left and right colinear map satisfying = idC . Then, for
any C-comodule V,
V : V ⊗ CVCC ⊗ C idV⊗−−−−−−→VCCV
is a C-colinear retraction of the comodule structure of V. If V is an (R,C)-bimodule, then
V is an R-module map. 
Theorem 5.9. Let (A,C,) be a bijective entwining structure, with C projective as k-
module, and e ∈ C a group-like element. Put B := Aco C .
Assume that the Galois map :A⊗BA→ A⊗ C is surjective.
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If C is right cosemisimple, then A is a C-Galois extension of B, projective as right
B-module, and the right B-submodule B is a direct summand.
If C is coseparable (for example, k is an algebraically closed ﬁeld and C is cosemisimple),
then A is also projective as left B-module, B is a direct summand as left B-module, and A is
equivariantly projective.
Proof. Since every right C-comodule is relative injective, Corollary 4.8 implies that A is a
C-Galois extension of B, and a projective right B-module; Lemma 4.1 implies that B is a
direct summand as right B-module.
IfC is coseparable, then so isCcop, and by left–right symmetry,A has the same properties
as a left B-module.
Also, it follows that A is equivariantly projective by Proposition 5.8. 
6. Reduction to homogeneous spaces
Consider a Hopf algebra H, an H-comodule algebra A, and a quotient coalgebra and
right module Q of H. Put B = AcoQ and K = H coQ. In this section we will collect some
results that allow us to draw conclusions on the structure of the Q-extension B ⊂ A from
assumptions on the structure of theQ-extensionK ⊂ H . This shows that among the Galois-
type extensions, which are quantum group analogs of principal ﬁber bundles, the analogs
of homogeneous spaces play a distinguished role. We have already mentioned above the
recent result of Skryabin proving that H is Q-cleft whenever H is ﬁnite-dimensional over a
ﬁeld. In particular, the hypotheses on H as a Q-extension of K in Theorem 6.1, Proposition
6.2, and Theorem 6.3 below are satisﬁed if H is ﬁnite-dimensional, since these hypotheses
are satisﬁed in the cleft case by Lemma 5.2.
First, we will study the question when A is equivariantly projective. So far, we have
settled this for H-Galois extensions, and for the case where Q is coseparable. If k is a ﬁeld,
H has bijective antipode, A isH-Galois and an injectiveH-comodule, andH is left and right
faithfully coﬂat overQ, we know from Corollary 4.6 and its left–right switched version that
A is left and right projective over the algebraB ofQ-coinvariant elements ofA. But we do not
know whether B ⊂ A is equivariantly projective. As a particular case, the following result
will show that B ⊂ A is equivariantly projective if we assume that H is K-equivariantly
Q-injective. At the same time we should stress that we do not know when H has these
properties.
Theorem 6.1. Let H be a Hopf algebra, Q a quotient coalgebra and right H-module of H,
and A an H-comodule algebra. Put K =H coQ, and B := AcoQ.
Assume that the (K,Q)-bimodule H is equivariantly injective, and that A is relative
injective as an H-comodule.
Then the (B,Q)-bimodule A is equivariantly injective. (In particular, if A is a projective
left B-module, then it is equivariantly projective.)
Proof. By Lemma 4.1 there is a left A-linear (in particular B-linear) and right H-colinear
map A:A⊗H → A with AA = idA, where A is the H-comodule structure of A. Let
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A⊗Q A⊗Q−−→ A⊗H ⊗QA⊗H−−→ A⊗H A−−→A
)
.
Then ˜ is Q-colinear. Since A(B) ⊂ B ⊗K , ˜ is also left B-linear. Finally ˜A= idA for
A the Q-comodule structure of A, since (a(0) ⊗ a(1)) = A(a(0) ⊗ H (a(1) ⊗ a(2))) =
A(a(0) ⊗ a(1))= a for all a ∈ A. 
Next, we will return to the criterion Corollary 4.8, which says that a surjective Galois
map splits, provided every Hopf module is a relative injective comodule. Again, we do not
know in general when this property holds, but we will see that assuming it for H instead of
A will help.
Proposition 6.2. Let H be a Hopf algebra, A a right H-comodule algebra that is a relative
injective H-comodule, and Q a quotient coalgebra and right H-module of H.
If every Hopf module inMQH is a relative injective Q-comodule, then every Hopf module
inMQA is a relative injective Q-comodule.
Proof. Let M∈MQA . The Q-colinear multiplication map :M ⊗ A → M splits as a Q-
comodule map by M  m → m ⊗ 1 ∈ M ⊗ A. By assumption the comodule structure
:A → A ⊗ H splits as an H-comodule map. Hence, the Q-comodule M is a direct
summand ofM ⊗ A⊗H , and it is sufﬁcient to check that the diagonal comodule V ⊗H
is a relative injective Q-comodule for every Q-comodule V. But V ⊗ H∈MQH with the
H-module structure deﬁned on the right tensor factor. 
Note that by Remark 5.3, the property required ofH in Proposition 6.2 holds in particular
if H is a faithfully ﬂat Q-Galois extension and equivariantly projective. This is true in
particular (or directly by Lemma 5.2) ifH isQ-cleft. In particular, the following result gives
strong conclusions on A (which need not be cleft) ifH isQ-cleft. This result is stronger than
Corollary 4.6 in that it does not assume that A is H-Galois.
Theorem 6.3. Let H be a k-ﬂat Hopf algebra with bijective antipode and Q a quotient
coalgebra and right H-module of H such that H is a Q-Galois extension of K := H coQ,
and a faithfully ﬂat left K-module.
Assume that H is K-equivariantly Q-injective.
Then every Hopf module inMQH is a relative injective Q-comodule.
In particular, if A is a right H-comodule algebra which is a relative injective H-comodule,
and the Galois mapA⊗A→ A⊗Q is onto, then A is a Q-Galois extension ofB := AcoQ,
a projective right B-module, and B ⊂ A is a right B-direct summand.
Proof. Every Hopf module in MQH is a relative injective comodule by Remark 5.3, by
Proposition 6.2 it follows that every Hopf module inMQA is a relative injective comodule,
and the remaining assertions follow from Corollary 4.8. 
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Remark 6.4. The hypothesis in Theorem 6.3 that H be a faithfully ﬂat Q-Galois extension
ofK is fulﬁlled if we assume (in addition toH being relative injective as a rightQ-comodule)
that H is left faithfully coﬂat for MQH , that is, cotensor product with H over Q preserves
and reﬂects exact sequences in the categoryMQH .
Proof. Wevary arguments from [33, Section 1]:We ﬁrst observe that ˜:K⊗H → HQH
given by ˜(x⊗h)=xh(1)⊗h(2) is an isomorphismwith inverse ˜−1(g⊗h)=gS(h(1))⊗h(2).
To show that :McoQ⊗KH → M is an isomorphism, it is enough, by hypothesis, to show
that QH is an isomorphism. But the composition
McoQ ⊗HMcoQ⊗KK ⊗H id⊗K ˜−−→ McoQ⊗K(HQH)
 (McoQ⊗KH)QH QH−−→ MQH
is given by m⊗ h → mh(1) ⊗ h(2); it is a morphism of Hopf modules inMHH , and thus it
is sufﬁcient to observe that its coinvariant part is the identity onMcoQ. That the adjunction
map N → (N⊗BA)co C is an isomorphism for every N ∈ MB was already observed in
Lemma 4.1. 
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